Abstract. Considering the tangent plane at a point to a surface in the four-dimensional Euclidean space, we find an invariant of a pair of two tangents in this plane. If this invariant is zero, the two tangents are said to be conjugate. When the two tangents coincide with a given tangent, then we obtain the normal curvature of this tangent. Asymptotic tangents (curves) are characterized by zero normal curvature. Considering the invariant of the pair of a given tangent and its orthogonal one, we introduce the geodesic torsion of this tangent. We obtain that principal tangents (curves) are characterized by zero geodesic torsion.
Preliminaries
In [1] we introduced a linear map γ of Weingarten type in the tangent space at any point of a surface in the four-dimensional space R 4 . Analogously to the classical theory of surfaces in R 3 the map γ generates second fundamental form II on the surface. In the present paper we introduce two invariants of a line on a surface M 2 in R 4 in terms of an invariant ζ g 1 ,g 2 of two tangents g 1 , g 2 at a point of M 2 . Here we define conjugate tangents by the condition ζ g 1 ,g 2 = 0. We prove that the conjugacy in terms of ζ g 1 ,g 2 is the conjugacy with respect to the second fundamental form. Thus we obtain a geometric interpretation of the second fundamental form and the Weingarten map of the surface.
Let M 2 : z = z(u, v), (u, v) ∈ D (D ⊂ R 2 ) be a 2-dimensional surface in R 4 with tangent space T p M 2 = span{z u , z v } at any point p ∈ M 2 , and E, F , G be the coefficients of the first fundamental form, W = √ EG − F 2 . We choose an orthonormal normal frame field {e 1 , e 2 } of M 2 so that the quadruple {z u , z v , e 1 , e 2 } is positive oriented in R 4 . Then the following derivative formulas hold: 2000 Mathematics Subject Classification. Primary 53A07, Secondary 53A10. Key words and phrases. Curves on surfaces in the four-dimensional Euclidean space, normal curvature, asymptotic lines, geodesic torsion, principal lines. Similarly to the theory of surfaces in R 3 , using the functions E, F , G and L, M, N in [1] we introduced the linear map γ in the tangent space at any point of
The three pairs of normal vectors
defined by the equalities
The linear map γ of Weingarten type at the point p ∈ M 2 is invariant with respect to changes of parameters on M 2 as well as to motions in R 4 . This implies that the functions
are invariants of the surface M 2 . The invariant κ turns out to be the curvature of the normal connection of the surface M 2 in R 4 .
As in the classical case, the invariants k and κ divide the points of M 2 into four types: flat, elliptic, parabolic and hyperbolic. The surfaces consisting of flat points satisfy the conditions
These surfaces are either planar surfaces (there exists a hyperplane
. Further we consider surfaces free of flat points, i.e. (L, M, N) = (0, 0, 0).
The map γ determines a second fundamental form of the surface M 2 at p as follows:
As in the classical differential geometry of surfaces in R 3 the second fundamental form II determines conjugate tangents at a point p of M 2 . Two tangents g 1 :
In the next section we shall introduce conjugate tangents in a geometric way.
Invariants of a tangent on a surface in R 4
Let g be a tangent at the point p ∈ M 2 determined by the vector X = λz u +µz v . We consider the map σ g :
Obviously σ g is a linear map, which does not depend on the choice of the vector X collinear with g. Using (1.1) and (2.1) we obtain the following decomposition of the normal vectors σ g (z u ) and σ g (z v ): 
Let g 1 : X 1 = λ 1 z u +µ 1 z v and g 2 : X 2 = λ 2 z u +µ 2 z v be two tangents at the point p ∈ M 2 . The oriented areas of the parallelograms determined by the pairs of normal vectors
, respectively. We assign the quantity ζ g 1 ,g 2 to the pair of tangents g 1 , g 2 , defined by
Proposition 2.1. The quantity ζ g 1 ,g 2 is invariant under any change of the parameters on M 2 .
Proof : Using equalities (2.2) we calculate that
be a smooth change of the parameters (u, v) on M 2 with J = uū vv − uv vū = 0. Then
The functions E, F , G and L, M, N change as follows under the change of the parametrization:
If X = λz u + µz v =λzū +μzv, then λ = uūλ + uvμ, µ = vūλ + vvμ.
The first and the second fundamental forms change as follows:
I(λ,μ) = I(λ, µ);ĪI(λ,μ) = εII(λ, µ).
Hence,ζ
Consequently, ζ g 1 ,g 2 is invariant (up to the orientation of the tangent space or the normal space).
Definition 2.2. Two tangents g 1 : X 1 = λ 1 z u + µ 1 z v and g 2 : X 2 = λ 2 z u + µ 2 z v are said to be conjugate tangents if ζ g 1 ,g 2 = 0.
Obviously, ζ g 1 ,g 2 = 0 if and only if Lλ 1 λ 2 +M(λ 1 µ 2 +λ 2 µ 1 )+Nµ 1 µ 2 = 0. Hence, the tangents g 1 and g 2 are conjugate according to Definition 2.2 if and only if they are conjugate with respect to the second fundamental form II.
We shall assign two invariants ν g and α g to any tangent g of the surface in the following way. Let g : X = λz u + µz v be a tangent and g ⊥ be its orthogonal tangent, determined by the vector (2.4)
We define ν g = ζ g,g ; α g = ζ g,g ⊥ . We call ν g the normal curvature of the tangent g, and α g -the geodesic torsion of g.
The equality (2.3) implies that
Hence, the normal curvature of the tangent g is two times the oriented area of the parallelogram determined by the normal vectors σ g (z u ) and σ g (z v ). The invariant ν g is expressed by the first and the second fundamental forms of the surface in the same way as the normal curvature of a tangent in the theory of surfaces in R 3 . Using (2.3) and (2.4) we get
.
The last formula shows that α g is expressed by the coefficients of the first and the second fundamental forms in the same way as the geodesic torsion in the theory of surfaces in R 3 .
Definition 2.3. A tangent g : X = λz u + µz v is said to be asymptotic if it is self-conjugate.
Proposition 2.4. A tangent g is asymptotic if and only if
Definition 2.5. A tangent g : X = λz u + µz v is said to be principal if it is perpendicular to its conjugate. Proposition 2.6. A tangent g is principal if and only if α g = 0.
The equation for the asymptotic tangents at a point p ∈ M 2 is
If p is an elliptic point of M 2 (k > 0) then there are no asymptotic tangents through p; if p is a hyperbolic point (k < 0) then there are two asymptotic tangents passing through p, and if p is a parabolic point (k = 0) then there is one asymptotic tangent through p.
A line c : u = u(q), v = v(q); q ∈ J ⊂ R on M 2 is said to be an asymptotic line if its tangent at any point is asymptotic. 
The equation for the principal tangents at a point
3. Examples of surfaces with k = 0
In this section we consider general (in the sense of C. Moore) rotational surfaces in R 4 whose meridians lie in two-dimensional planes. We shall find all such surfaces consisting of parabolic points.
Considering general rotations in R 4 , C. Moore introduced general rotational surfaces [2] (see also [3, 4] ). In the case when the meridians lie in two-dimensional planes the general rotational surface can be parameterized as follows:
where f (u) and g(u) are smooth functions, satisfying Each parametric curve u = u 0 = const of M 2 is given by
and its Frenet curvatures are
. Hence, when α = β each parametric curve u = const is a curve in R 4 with constant curvatures (helix), and when α = β each parametric curve u = const is a circle. Each parametric curve v = v 0 = const of M 2 is given by
where A 1 = cos αv 0 , A 2 = sin αv 0 , B 1 = cos βv 0 , B 2 = sin βv 0 . The Frenet curvatures of c u are
So, for each v = const the parametric curves c u are congruent in R 4 . These curves are called meridians of M 2 . The tangent space of M 2 is spanned by the vector fields
z v = (−αf sin αv, αf cos αv, −βg sin βv, βg cos βv) .
Hence, the coefficients of the first fundamental form are
. We consider the following orthonormal tangent frame field
f ′ 2 + g ′ 2 (f ′ cos αv, f ′ sin αv, g ′ cos βv, g ′ sin βv); y = 1 α 2 f 2 + β 2 g 2 (−αf sin αv, αf cos αv, −βg sin βv, βg cos βv);
and the following orthonormal normal frame field n 1 = 1 f ′ 2 + g ′ 2 (g ′ cos αv, g ′ sin αv, −f ′ cos βv, −f ′ sin βv); n 2 = 1 α 2 f 2 + β 2 g 2 (−βg sin αv, βg cos αv, αf sin βv, −αf cos βv).
{x, y, n 1 , n 2 } is a positive oriented orthonormal frame field in R 4 . We calculate the functions c k ij , i, j, k = 1, 2 and find the coefficients L, M and N of the second fundamental form of M 2 :
; M = 0; N = −2αβ(gf
Consequently, the invariants k, κ and the Gauss curvature K of M 2 are expressed as follows:
;
